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Abstract 

In this paper, we will study the boundedness properties of intrin- 
sic square functions including the Lusin area integral, Littlewood-Paley 
g-function and (;^-function on the weighted Morrey spaces L^''^(w) for 
1 < p < oo and < k < 1. The corresponding commutators generated by 
BMO{K^) functions and intrinsic square functions are also discussed. 
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1 Introduction and main results 



Let 



" X (0, oo) and (pt(a;) = t~^^Lp{x/t). The classical square function 
(Lusin area integral) is a familiar object. If u{x,t) = Pt * f(x) is the Poisson 
integral of /, where Pt{x) — Cn , ,..Jm„^-,-, denotes the Poisson kernel in 



• (t2 + |a;|2)("+i)/2 



Then we define the classical square function(Lusin area integral) S{f) by 

1/2 



\\7u{y,t)\ V~"dydt 



where r(a;) denotes the usual cone of aperture one: 

r(a;) = {(2/,t) eK';+i :\x~y\<t} 

and 



|Vw(2/,t)| 



du 
'dt 



E 



du 



We can similarly define a cone of aperture (3 for any /? > 0: 
Tfi{x) = {iy,t) eK']+' : \x ^ y\ < pt}, 



*E-mail address: wanghua@pku.edu.cn. Supported by National Natural Science Founda- 
tion of China under Grant #10871173 and #10931001. 



1 



and corresponding square function 

\J JTf,{x) 

The Littlewood-Paley g-function (could be viewed as a "zero-aperture" version 
of S{f)) and the 5^-function (could be viewed as an "infinite aperture" version 
of <S'(/)) are defined respectively by 

/ />oo 

5(/)(2;)=fy^ \Vu{x,t)\hdt 

and 

»^<^"^"' ^ ter. (HrR3in)'>"(".')l'''-*<^') ' ■ 

The modern (real- variable) variant of Sp{f) can be defined in the following 
way. Let V & C°°(M") be real, radial, have support contained in {x : \x\ < 1}, 
and /g„ ip{x) dx = 0. The continuous square function S.^^p{f) is defined by 

In 2007, Wilson [53] introduced a new square function called intrinsic square 
function which is universal in a sense (see also [25]). This function is indepen- 
dent of any particular kernel ?/;, and it dominates pointwise all the above defined 
square functions. On the other hand, it is not essentially larger than any par- 
ticular S^^ij{f). For < a < 1, let Cq be the family of functions defined on 
R" such that (f has support containing in {x G K" : \x\ < 1}, J^^ dx = 0, 
and for ah x,x' G R", 

\ip{x) -(p{x')\ < \x-x'\°'. 
For {y,t) e 'Rl+'^ and / e L,^„^(K"), we set 

Aa{f){y,t) = sup \ f*^t{y) \ = sup 
Then we define the intrinsic square function of / (of order a) by the formula 



Sa{f){x) = 




We can also define varying-aperture versions of Sa{f) by the formula 






ftiy - z)f{z) dz . 
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The intrinsic Littlewood-Paley g-function and the intrinsic 5^-function wih be 
defined respectively by 



1/2 



and 




"+i \t+ \x-y\ 



An 



'■dydt 



1/2 



In [25], Wilson proved the following result. 



Theorem A. LetO <a<l,\<p<oo andw G Ap{Muckenhoupt weight class). 
Then there exists a constant C > independent of f such that 

Moreover, in |14| . Lerner showed sharp norm inequalities for the intrinsic 
square functions in terms of the Ap characteristic constant of w for all 1 < p < 
00. As for the boundedness of intrinsic square functions on the weighted Hardy 
spaces HPj{W^) for n/{n + a) < p < 1, we refer the readers to [11 , [22 and [53]. 

Let 6 be a locally integrable function on R", in this paper, we will also 
consider the commutators generated by b and intrinsic square functions, which 
are defined respectively by the following expressions 



[6,5„](/)(x) = 
[b,gc.]if)ix) 




[b{x) - b{z)](pt{y - z)f{z) dz 



[b{x) - b{y)\ ipt {x - y)f{y) dy 



2 \ 1/2 
dydt \ 




and 




t+\x-y\ 



An 



sup 



[b{x) ~ b{z)](pt{y - z)f{z) dz 



' dydt \ 



1/2 



The classical Morrey spaces C^'^ were first introduced by Morrey in [TJ] to 
study the local behavior of solutions to second order elliptic partial differential 
equations. For the boundedness of the Hardy-Littlewood maximal operator, 
the fractional integral operator and the Calderon-Zygmund singular integral 
operator on these spaces, we refer the readers to [HHJUT]. For the properties 
and applications of classical Morrey spaces, see [S] [T] |H] and the references 
therein. 

In 2009, Komori and Shirai [13] first defined the weighted Morrey spaces 
LP''^{w) which could be viewed as an extension of weighted Lebesgue spaces. 
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and studied the boundedness of the above classical operators on these weighted 
spaces. Recently, in [19], [20] and [21], we have established the continuity prop- 
erties of some other operators on the weighted Morrey spaces U'''^(w). 

The purpose of this paper is to discuss the boundedness properties of intrinsic 
square functions and their commutators on the weighted Morrey spaces LP''^(w) 
for all 1 < p < c» and < k < 1. Our main results in the paper are formulated 
as follows. 

Theorem 1.1. Let 0<a<l, 1 < p < oo, < k < 1 and w G Ap. Then there 
is a constant C > independent of f such that 

||'5a(/)||^p.„(^) < C||/||lp,»(„). 

Theorem 1.2. Let 0<Q!<1, l<p< oo, < k < 1 and w G Ap. Suppose 
that b G BMO{K^), then there is a constant C > independent of f such that 

II[^'5«](/)|Il.,»w<^II/IU-w- 

Theorem 1.3. Let 0<a<l, l<p<oo, 0<k<1 and w G Ap. Lf 
X > max{p, 3}, then there is a constant C > independent of f such that 

\\9\,a{f)\\LP.'^{w) - C'||/||LP.'«(tu)- 

Theorem 1.4. Let 0<a<l, l<p<oo, 0<k<1 and w G Ap. If 
b G BMO{K^) and A > max{p, 3}, then there is a constant C > independent 
of f .such that 

II [b,gl,a\ (/)|Lp.»(^) < CWfWLP.'-iw)- 

In fM\, Wilson also showed that for any < a < 1, the functions Sa{f){x) 
and ga{f){x) are pointwise comparable. Thus, as a direct consequence of The- 
orems 1.1 and 1.2, we obtain the following 

Corollary 1.5. Let 0<q:<1, 1 < p < oo, < k < 1 and w G Ap. Then there 
is a constant C > independent of f such that 

||3a(/)||iP,«(^) < C'II/IIlp. 

Corollary 1.6. Let 0<a<l, l<p< oo, < k < 1 and w G Ap. Suppose 
that b G -BAfO(K"), then there is a constant C > independent of f such that 

||[&,5a](/)|L„.(„) <C||/|Up,.(„). 

2 Notations and definitions 

The classical Ap weight theory was first introduced by Muckenhoupt in the study 
of weighted L^ boundedness of Hardy-Littlewood maximal functions in [T^] . A 
weight w is a nonnegative, locally integrable function on R", B — B{xo,rB) 
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denotes the ball with the center xg and radius tb- Given a ball B and A > 0, 
XB denotes the ball with the same center as B whose radius is A times that 
of B. For a given weight function w and a measurable set E, we also denote 
the Lebesgue measure of E by [£'1 and the weighted measure of E by w{E), 
where w{E) = w{x) dx. We say that w is in the Muckenhoupt class Ap with 
1 < p < oo, if there exists a constant C > such that for every ball B C R", 



p-1 

< C. 



The smallest constant C such that the above inequality holds is called the Ap 
characteristic constant of w and denoted by [w]a ■ A weight function w is said 
to belong to the reverse Holder class RHr if there exist two constants r > 1 
and C > such that the following reverse Holder inequality holds for every ball 
B C M". 

1 /■ , . 1 



\B\j^H-ydxj <C^j^J^wix)dx 

We state the following results that we will use frequently in the sequel. 

Lemma 2.1 ([5]). Let w € Ap with 1 < p < oo. Then, for any ball B, there 
exists an absolute constant C > such that 

w{2B) < Cw{B). 

In general, for any X > 1, we have 

w{XB) <C-X"Pw{B), 

where C does not depend on B nor on X. 

Lemma 2.2 (|10|). Let w G RHr with r > 1. Then there exists a constant 
C > such that 

HE) ^ ^ ^^"'^^^ 



w{B) - \\B 
for any measurable subset E of a ball B. 

Given a weight function w on M", for 1 < p < oo, we denote by -Lf^(R") the 
space of all functions satisfying 

II/IIlS, = f / \f{x)\Pw{x)dx] ^^oo. 



A locally integrable function b is said to be in SAf 0(R") if 
||5||* = sup / \b{x) - bsldx < oo, 

B \B\ Jb 

where 5b stands for the average of b on B, i.e., bB — ^ Jgb(y)dy and the 
supremum is taken over all balls B in M". 
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Theorem 2.3 Assume that b G BMO{W^). Then for any 1 <p < oo, 

we have 

1/p 



sup (^j^Jjbix) - bB]"" dx^ <C\\b\\ 



1/p 



Definition 2.4 ([13 ). Let 1 < p < oo, < k < 1 and w be a weight function. 
Then the weighted Morrey space is defined by 

L^'''M = {/ e LLH : ||/|U.,.M < oo}, 

where 

\\f\\Lp.-(w) = sup ( ^,(jj)K \f{x)\Pw{x)dx^ 
and the supremum is taken over all balls B in M" . 

Throughout this article, we will use C to denote a positive constant, which 
is independent of the main parameters and not necessarily the same at each 
occurrence. Moreover, we will denote the conjugate exponent of p > 1 by 
p' =p/{p- 1). 

3 Proofs of Theorems 1.1 and 1.2 

Proof of Theorem 1.1. Fix a ball B — B{xo,rB) Q K" and decompose / = 
/i + /2, where /i — /Xasi X2B denotes the characteristic function of 2B. Since 
iSq,(0 < a < 1) is a sublinear operator, then we have 

= /l +/2. 



Theorem A and Lemma 2.1 imply 



1 



w{2Br/P 

<C1|/1U.,»(„). 



1/p 
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Wc now turn to estimate the other term 72- For any ip € Ca, < a < 1 and 

{y,t) € r(a;), we have 



\h*My)\ 



/ ipt{y-z)f{z)dz 

J(2BY 

j 



l{2B) 

<c-t 



I {2B)cn{z:\y-z\<t} 



\fiz)\dz 



oo „ 

< c ■ r " V / 



fe=l J {2''+^B\2>' B)n{z:\y-z\<t} 



\m\dz. 



(1) 



For any x € B, {y,t) e r(a;) and z G {2''+^ B\2'' B) n B{y,t), then by a direct 
computation, we can easily see that 

2t > |a; - ?/| + |y - ^1 > |a; - ^1 > I2; - xo\ - \x - xo\ > 2'=~Vs. 

Thus, by using the above incquahty (1) and Minkowski's integral inequality, we 
deduce 



\Sa{f2){ 



sup 1/2 I 
) vec^ 



2 dydt 



1/2 



< 



\J2''-'^rB J\x-y\<t fc=l-^2' 



< 



< c 



1/(^)1 



J2'=+iB\2'=B 



1/(^)1 

1/2 



2 \ 



\f{z)\dz. 



'2'=+iB\2'=B 

It follows from Holder's inequality and the Ap condition that 

<C1I/IIl..-(.)^«'(2"+'B)'"""" (2) 

Hence 

r <n\f\\ ^^viny^^^ 

Since w € Aj, with 1 < p < 00, then there exists a number r > 1 such that 
w e RHr- Consequently, by using Lemma 2.2, we can get 



w{B) 



< C 



( \B\ 



w 



(r-l)/r 



(3) 
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Therefore 



h < C||/||lp,«(„)£ ( ^ 



fe=i 



(1 — k) (r— 1) / pr 



where the last series is convergent since (1 — K)(r — l)/pr > 0. Combining the 
above estimates for Ii and I2 and taking the supremum over all balls B C IR", 
we complete the proof of Theorem 1.1. □ 

Given a real- valued function b G _BAfO(R"), we shall follow the idea devel- 
oped in Hg] and denote F(^) = e«[''(^)-''(^)l, ^ e C. Then by the analyticity of 
F{^) on C and the Cauchy integral formula, we get 



ki=i 

27r 



- 6(z) = F'(0) = 

Thus, for any if E Ca, < a < I, we obtain 

/ [b{x)-b{z)]^t{y~z)f{z)dz ^ ^ r ( f ^,(y-z)e--"'''(-)/(z)dz')e^"''(-)e-'^d0 

JR" ^TJ" Jo V JR" / 



< 



< 



1 

1 

2^ 



sup / ipt{y-z)e "^'^'^^'^ f{z)dz 



fose-b{x) 



So we have 



2vr 7o 



51, J (/) i^)\<l^ r 9l,c. (e-"^"" • /) {x) ■ dO. 



27r 

Then, by using the same arguments as in [2], we can also show the following 

Theorem 3.1. Let Q<a<l, l<p<oo and w € Ap. Then the commu- 
tators [b,Sa] and [b,gxa\ '^''"^ '^^^ bounded from JD^(IR") into itself whenever 
beBMO{R"). 

Proof of Theorem 1.2. Fix a ball B = S(a;o, rs) C R". Let / = /i -I- /a, where 
/i = fx2B ■ Then we can write 



'}{BY/P 



\b,Sa\ [f){x)V'w(x) dx 



i/p 



< 



J1 + J2 



i/p 
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Applying Theorem 3.1 and Lemma 2.1, we thus obtain 



Ji<C- 



w{2BY/p 



\f{x)\Pw{x)dx 



i/p 



<C\\f\\L..^ 



(to)- 



(4) 



We now turn to deal with the term J^. For any given x G B and {y,t) G ^{x), 
we have 



sup 



/ [b{x)-b{z)]My-^)h{z)dz 



< \b{x) — 6b| • sup 



+ sup 



/ ftiy- z)f2{z)dz 
[b{z) - bB]<ftiy - z)f2{z)dz 



Hence 

\[b,Sc]{h){x)\ < \b{x)-bB\-Sa{h){x) 



sup 
r(x) veCa 



[b{z) - bs] (pt{y - z)f2{z) dz 



' dydt \ 
J 



1/2 



= I+II. 

In the proof of Theorem 1.1, we have already proved that for any x G B, 

oo 

Ak-1)/p 



fe=i 



Consequently 
1 



w{BY/p 

< C\\f\\LP,>-(w) 



P 'w{x) dx 



i/p 



j \b(x) —bBfw{x)dx 



°° w{B)^^~'^'^/P / I f 



i/p 



Using the same arguments as that of Theorem 1.1, we can see that the above 
summation is bounded by a constant. Hence 



w{B) 



ly^^jj" ^i^) dx^ < C||/|U.,^(.) \b{x)-bB r«;(x) dx 



1/p 
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Since w G Ap, as before, we know that there exists a number r > 1 such that 
w € RHr- Thus by Holder's inequahty and Theorem 2.3, we deduce 



1 



< 



w{B) 
1 

w{By/p 
1 



\b{x) — bB\^w{x) dx 



\b{x) — bs dx 



i/p 



l/(pr') 



w{xY dx 



l/ipr) 



<C||6||.. 

So we have 



\b{x) — &B I'"' dx 



l/(pr') 



-^L_(^j^V>w{x)dx^ ^'<q|6|M|/|U.,.(^) 



(5) 
(6) 



On the other hand 
11 = 



sup 

r(a;) i/^eCc 



(2BY 



[b{z) - bB\(pt{y - z)f{z)dz 



2 \ 1/2 

dydt \ 

] 



< c 



< c 



+ c 



r{x) 



r{x) 



r(x) 



k=l J{2^ + ^B\2''B)n{z:\y-z\<t} 



OO „ 



\biz)-bB\\f(z)\dz 



' dydt 



1/2 



2 



k=l "'(2'= + iS\2''B)n{z:|y-2|<t} 



\b{z) - 62(0+1^11/(2)1 dz 



'2fc+is — Ob 



bJ ■ 



k=l 



(2k+iB\2i'B)n{z:\y~z\<t} 



\f{z)\dz 



dydt \ 
] 

' dydt \ 



1/2 



1/2 



= III+IV. 

An application of Holder's inequality gives us that 
\b(z) - b2k+iB\\f{z)\dz 



2'' + ^B\2''B 



< 



<c\\f\\ 



\b{z) — b2k+iB\^ w{z) P'/Pdz] / \f{z)\''w{z)dz] 

i ) \J2'= + ^B ) 

•u;(2'=+ii?)"/^f / \b{z)-b2.^.Bf w{zrP'IPd^ ' 

\J2''+1B J 



(7) 



If we set v[z) — w{z) p /p — ^(z)^ p , then we have v e Api because w Ap 
(see [9]). Following along the same lines as in the proof of (5), we can also show 



i/p' 

\b{z)-b2>^+iB\'' '^iz)dz] <C\\b\\ 



(8) 
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Substituting the above inequality (8) into (7), we thus obtain 

l^'W- WB|l/W|d^<C||6|U|l/|U.,.(^).«;(2'=+iB)'^''V(2^-+ii?)'/^' 



2'=+iB 



In addition, we note that in this case, t>2'^ ^rs as in Theorem 1.1. Prom the 
above inequahty, it follows that 



III < G 



2k-2rg J\x-y\<t 



2'-+^B\\fiz)\dz 

1/2 



2 \ 

dydt \ 



Hence 



w{B) 



^ ( IIP < ciHuii/iu..(.) E ^(2l4)(i--)/. 



<c\\b\u\ 



(9) 



Now let us deal with the last term IV. Since b G BMO{W^), then a simple 
calculation shows that 



\b2k+iB -bsl <C-{k + l 
It follows from the inequalities (2) and (10) that 



(10) 



/2fc+iB\2'«S / \J2'=-2rB 

R\(«-l)/P 



dt 



1/2 



iv<c(r I t-Y.\b,.,.n-bs\. I i/(.)id/|^') 

\J2fe-2rB J|a:-y|<t J2'=+iB\2'=B / 

<q|6||.(£(fc + i). / \f{z)\dz)( [ 

oo 

<C\\bUfh...^^)J2(k + l)-w{2'^+'B) 



1/2 



fe=l 



Therefore 

1 



w{BYIp \ Jb 



iv^«;(x)dxj < c||;.|M|/IU..n.)E(^ + 1) • ^iiJB)i^-^)/^ 



k 



<qi&IUII/lU.,^wE^ 



fe=i 



<C||6||*||/|| 



(11) 



11 



where wc have used the previous estimate (3) with w G RHr and 9 = (1 — K)(r — 
l)/pr. Summarizing the estimates (9) and (11) derived above, we thus obtain 

-^L_(^ljFv:{x)dx^ ^'<C||6|U||/|U.,.(^). (12) 

Combining the inequaUties (4), (6) with the above inequahty (12) and taking 
the supremum over all balls B C R", we complete the proof of Theorem 1.2. □ 



4 Proofs of Theorems 1.3 and 1.4 

In order to prove the main theorems of this section, we need to establish the 
following three lemmas. 

Lemma 4.1. Let < a < 1 and w G Ap with p = 2. Then for any j € Z+, we 
have 

\\Sa,2,if)h. <C-2^"||5„(/)||^,. 

w w 

Proof. Since w G A2, then by Lemma 2.1, we get 

w{Biy,2H))=w{2^Biy,t))<C-2^^^w{B{y,t)) j = l,2,.... 
Therefore 

<C.2«" 11 {! „(i)dx)(A„(/)(!,,l))'|* 

^J\x-y\<t ^ ^ ' t ^ 

= C-22^"||5«(/)||^,. 

This finishes the proof of Lemma 4.1. □ 

Lemma 4.2. Let 0<a<l, 2<p<oo and w G Ap. Then for any j G Z+, 

we have 

\\S^,2.if)h.^<C-2^^P/^SM)Lf 
Proof. For any j G Z_|_ , it is easy to see that 

||»5a,23(/)||j;,P = ||'5a,2j(/)^||j,p/2- 
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Since p/2 > 1, then we have 



|<5a,2j(/)^||j;,P/2 



= sup 

I|S|I^(P/2)'<1 



sup 

Av/2y 



<i 



Sa,2i {f){xf 9{x)w{x) dx 

(\ ^ dydt \ 

Aa{f){y, t)j X\x-y\<2Jt:^ ]9{x)w{x) dx 



sup 

I|SIL(./2)'<1 



\x-v\<2H 



g{x)w{x)dx) (A„{f){y,t)) 



'■dydt 



(13) 



For w G Ap, we denote the weighted maximal operator by M^; that is 

M^{f){x) = swp-^^ Jjf{y)\w{y)dy, 

where the supremum is taken over all balls B which contain x. Then, by Lemma 
2.1, we can get 

/ g{x)w{x) dx<C- 2^"Pw{B{y, t)) ■ ^ [ g{x)w{x) dx 

J\x-v\<2H W{tS{y,lJt)) Jb(v,2H) 



<C-2^^Pw{B{y,t)) inf M^{g){x) 

x&B(y,t) 



< C ■ 2^"P [ M^{g){x)w{x) dx. 

J\x-y\<t 



(14) 



Substituting the above inequality (14) into (13) and using Holder's inequality 
and the L^^"^^ boundedness of M^, we thus obtain 



I'5a,2.(/)'LW2 <C-2J"f sup 



r(p/2)' 



<1 



S^{f){xfM^{g){x)w{x)dx 



< C-2^"f||5„(/)^ 



<C-V^P\\SM?\\r.^/- 



sup 1 1 (5)1 



r(p/2)' 



r(p/2)' 



<1 



= C-2^"f||5„(/) 
This implies the desired result. 



T P 

|2 



□ 



Lemma 4.3. Let 0<Q!<1, l<p<2 and w G Ap. Then for any j G Z+, we 
have 

\K2.{f)h. <C.2-'"||5„(/)||^,. 

II llJJ^y II IliJ^y 
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Proof. We will adopt the same method as in [18, page 315-316]. For any j £ Z_|., 
set = {a; G M" : Sa{f){x) > X} and f^Aj = {x G R" : 5^,2^ {f){x) > A}. We 
also set 

= {. G M" : M.(xnJ(.) > ,UnJu^,^^J - 
Observe that w{nxj) < w{ni) + w{nx,j n Thus 

pOO 

\\Sa,2i{f)\\lp = / pX^-^^lxj) dX 

Jo 

/>oo poo 

< / pxp-^w{ni)dx+ / pXP-^w{nx,jn{R"'\ni))dx 

Jo Jo 

= I+II. 

The weighted weak type estimate of yields 

/•OO 

I<C-2-'"f/ pXP-^w{nx)dX = C ■2^''p\\SM)\\Ip- (1^) 
Jo 

To estimate II, we now claim that the following inequality holds. 

/ '5„,2^ (/) {xfw{x) dx<C- 2^"f / Sa if) {xfw{x) dx. (16) 
jR"\ni JR"\nx 

We will take the above inequality temporarily for granted, then it follows from 
Chebyshev's inequality and (16) that 



w{nxj n < x-^ j 5„,2.- {f){xfw{x) dx 

Jnx,jr](R"\ni) 

< X-^ I S^^2^{f){xfw{x)dx 

Jw^XQ.*^ 

< C ■ 2^"f / Soc if) ixfw{x) dx. 

Jwxni. 



Hence 



II<C-2^"f / pX^-^lx-'^ j Sa{f){xfw{x)dx\dX. 
Jo \ JM"\nx / 

Changing the order of integration yields 

II < C • 2^"f / Sa{f){xf ( [ pXP-^ dX^ w{x) dx 

"'R" \J|S„(/)(x)| / 

<C.2^"^'^.||5„(/)||^,. (17) 

Combining the above estimate (17) with (15) and taking p-th root on both sides, 
we complete the proof of Lemma 4.3. So it remains to prove the inequality (16). 
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Set r.23 = U r^i (x) and r(R"\nA) = U r(a;). For each given 

{y,t) e r2, (IR"\f2^), by Lemma 2.1, we thus have 

w{B{y,2H) n (M"\0^)) < C ■ V^^w{B{y,t)). 

It is not difficult to check that w{B{y,t) D ^x) < M^^:*)) and r2j(R"\0l;) C 
r(R"\f}A)- In fact, for any (y, t) G T23 there exists a point x e W\Q.\ 

such that {y,t) G [x). Then wc can deduce 



w{B{y, t) n ^x) < w{B{y, 2H) n ^x) 

= I x^ix{z)w{z) dz 

Jb(v.2H) 



lB{y,2H) 

< [wU, ■ n{B{y,t)) ■ I [ xn,{z)w{z)dz. 

W[B{y,2Jt)) jB{y,2H) 

Note that x G B{y, 2H) n (IR"\f^*). So we have 

w{B{y,t)^ilx) < [w]a, ■ 2i^^w{B{y,t))M^{xn,){x) < ^^^i^Ml. 
Hence 

w{B{y, t)) = w{B{y, t) H Qx) + w{B{y, t) n (M"\f2A)) 

<^^^^^^ + w{B{y,t)n{R-\nx)), 

which is equivalent to 

w{B{y,t)) <2-w{B{y,t)n{W\nx)). 

The above inequahty imphes in particular that there is a point z G B{y,t) fl 
(IR"\f2A) 7^ 0- In this case, we have {y,t) G T{z) with z G K"\Oa, which yields 
r2, (IR"\n^) C r(R"\f2A). Thus we obtain 

w{B{y,2H) n {WXni)) < C ■ 2^^Pw{B{y,t) D (M"\J^a)). 

Therefore 



/ Sa,2i{f){xfw{x)dx 



<// (/ »(x)dx)(,4„(/H».()''*"" 

ir^j (K"\n* ) ^ JB{y,2n)n{R"-\ni) 



^dydt 



<C.2^-, jj (j w{x)dx)(AM){y,t)) 

<C-2^"2' [ S<,{f){xfw{x)dx, 
which is just our desired conclusion. □ 
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We are now in a position to give the proof of Theorem 1.3. 
Proof of Theorem 1.3. From the definition of ff^ we readily see that 

An 



dydt 



J\x-y\<t 



An 



t+\x-y\J V ') 



<C 



^Jo J2i-H<\x-y\<2H\t+\x-y\J V ^f^+l 



i=i 

For any given ball B = B{xo,rB) C R", then from the above inequality, it 
follows that 



w{B) 



l/p oo 1 / r \ 1/P 

Soia^{f){x)\^w{x) dx 



oo 

By Theorem 1.1, we know that /q < CH/H Below we shall give the 

estimates of Ij for j = 1,2, As before, we set f = fi + f2, fi = fX2B ^^'^ 

write 



w{B) 



fy^(^J^ \^c.,2i{f){x)\^w{x)dx^ 



Applying Lemmas 4.1-4.3, Theorem A and Lemma 2.1, we obtain 



<C||/|U.,.(^)(2-'" + 2^"f/2^ . 



w{BY 

w{2BY'P 



<C||/|U...(^)(2^" + 2^"P/2). 



w{B) 
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We now turn to estimate the term ' . For any x € B, {y, t) € (x) and 
z e (2'°+^i?\2''i?) n B{y,t), then by a direct calculation, we can easily deduce 

t + 2H >\x - y\ + \y - z\> \x - z\> \z - xo\ -\x- xq\ > 2'=-Vb. 

Thus, it follows from the previous estimates (1) and (2) that 

/ \ 1/2 

|5a,24/2)(^)| -(11 sup 1/2*^^,(^)12^ 



< C 



2(fc-2-j)^^ J[x-y\<2H 



\dz 



k=l 



2 \ 



m+l 



< 



fe=l "'2'= + iS\2'=B 



1/(^)1 



2Jn 



2(fc-2-j), 



1/2 



< 



< 



oo 

^.23W2y^^ / \f{z)\dz 

^|2'=+lB|i2^+iB\2^B'^ ^' 



C||/|U...(^)-23W2^^(2'=+iB) 



fe+1 d\(k-1)/p 



fe=l 



Furthermore, by using (3) again, we get 



7-(2) ^ r-ii f II 93W2 ^(B)'^' "'^''^ 



Therefore 



< C||/||z,P,.(^) 1 + 2-^'^"/223W2 + ^-3\nl1^3nvl1 

< C'||/||i:,p,K(^), 

where the last two series are both convergent under our assumption A > max{p, 3}. 
Hence, by taking the supremum over all balls i? C R", we conclude the proof 
of Theorem 1.3. □ 

Finally, we remark that by using the arguments as in the proof of Theorems 
1.2 and 1.3, we can also show the conclusion of Theorem 1.4. The details are 
omitted here. 
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